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Consider a closed-loop system composed of a plant

and a state-feedback control u = —Fxz. Suppose the followings for simplicity:
e (A, By) : stabilizable
e (C1,A) : detectable
e Di5 : column full rank
e (G12(s) has no zero on the imaginary axis
e DL,y =0, DE,D15=R>0,CTCi =Q >0
Then, the following statement holds.
Lemma 1 There exist a state-feedback gain F such that
(i) the closed-loop is stable
(i) the closed-loop Heo norm is less than

if and only if there exists a real number € > 0 such that the following ARE has a solution P > 0:
1
ATP+PA+P(231B1TB2R1B2T) P+ C{Cy + el =0. (2)
Y

Moreover, the state-feedback gain F' is given by

F=R'BIP. (3)
Proof 1 () : omit
M) (i): omit (similarly proved to LQR)
(1) (it):
/00 {sz — 'waTw} dt = /00 {:Z:TQ;E +u” Ru — VQwTw} dt (4)
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+u” B Pz + 27 PByu — w” B Pz — 2T PByw 4+ w? BT Pz + 2T PByw| dt (5)
... the last 8 terms are canceled out in summation
o)
= / [—{mTAT +w" Bl +u"B] } Po — 2" P{Az + Byw+ Bou} + {2" PBoR™" +u" } R{R"'B] Pz + u}
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. each colored terms are collected

= —/ i Prdt — / 2l Pidt — / {”wa — :ETPB1} {’yw — BITPaz}dt — e/ T xdt
0 0 0 g v 0

... from i = Az + Byw + Bou and u = —R™'Bl Px

= - [xTP:c]O +/ T Pidt —/ zL Pidt —/ {“,/'wT — :erPBl} {7w — BlTPx} — e/ T xdt
0 0 0 v y 0

... the 1st term 1is integrated in parts.

e r 1 5 1_r o
= 2(0)T Pz(0) — / {A,/wl — ! PBl} {“,fw — —B] P.T} - e/ L dt
0 v v 0

... the 2nd and 3rd terms are canceled. the 1st term is from x(o0) = 0.

< z(0)TPz(0)=0

Note that the above holds for any w(t). Thus,
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holds, which completes the proof.
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