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1 ���������������
M :  "!$#&%('
mi : )+*-, i #/.0%('
li : )+*-, i #/1324#&5(6
Ji : )+*-, i #/798;:=<>#/?A@;B;CED4*GF
x :  "!$#/H9I
θi : )+*-, i #/J9K ( LNMNH9IEO 0 PRQTS )
F :  "!VU"W9XYS[Z (x \;]9O[^_PRQTS ))R*-, ( `T#Ta0P ) #cb9d i eAfN &!VU4gNh32ji;k-lVScm(n$#_)R*9,(O i = 1, oNnT#_)R*-,&O i = 2 PRQTS/p

2 Lagrange qsrutwvyx{z}|�~��}�����
2 7A�A�A�A�T#[�N�-\&�A�EO��E�&QVS"���AU�f&�;�(C�FR*&#c� 2 �9�$O��-�-QVS9a-P(�R����Scp-�[�$�-aAa��-e�f[�E�� �$#� 4¡Y�NO;¢Y£¤Q$S&���NUAf Lagrange \(�N�EO/�0lTS9a;P�UAQTS/p¥N¦V§ UNeNf(¨T#/�9�V©-ª4«V¬ T P�f�-®$*&¯;°�«T©-ª4«V¬ V O"±0�AfEa+i³²/O"´-µ0# Lagrange \��N�TU"¶-·0Q
S-a0P�U�¢E<¸f(¨T#[�9�0\(�N��O[¹YS9a;P>º9�Y��S/p

d

dt

(

∂T

∂ẋi

)

−

∂T

∂xi
+

∂V

∂xi
= Fi, (i = 1, 2, ...n) (1)

��»V�4f xi e�¼(½9¾A¿AÀVf ẋi e0ÁA#�ÂNÃ"ÄN6 ( ¼(½9¾�Å-K , Å-KAÆNJAÅ-K ) �;Ç;S/p$È&�(f Fi eAf(¨T#/É9�Ê²ËW9XYS xi\;]cÌN6$#&¼(½9¾NZ ( Z�ÆÍFÎ«3, ) �VÇ0S/p n e"¨T#YÏ4ÐÑK9�;Ç;S/pÒNÓTÔ4ÕTÖ O[×Ø£¸º0f 2 7N�N�A�N�$#/ÙNÚVUNe�fA¼(½9¾A¿AÀTÛE¢+Ü-¼(½9¾9Z$O4´9µ-#$¢EÝÞU4ßVàEa0P>º9�Y��S :
x1 = x (2)

x2 = θ1 (3)

x3 = θ2 (4)

F1 = F (5)

F2 = 0 (6)

F3 = 0 (7)

ajiá¢E< Lagrange #&\(�N� (1) eA´9µ-#T¢�ÝâU"ãTäVS :
d

dt

(

∂T

∂ẋ

)

−

∂T

∂x
+

∂V

∂x
= F (8)

d

dt

(

∂T

∂θ̇1

)

−

∂T

∂θ1

+
∂V

∂θ1

= 0 (9)

d

dt

(

∂T

∂θ̇2

)

−

∂T

∂θ2

+
∂V

∂θ2

= 0 (10)
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2.1 ����������	�

È�(f(¨T#c�9�;©-ª/«;¬;C T O4±0�VS/p

T =
1

2
Mẋ2 +

1

2
m1(ẋ

2

c1 + ẏ2

c1) +
1

2
m2(ẋ

2

c2 + ẏ2

c2) +
1

2
J1θ̇

2

1
+

1

2
J2θ̇

2

2
(11)

oN�����9�;¼����j�á²��TUNfN &!E#/�9�V©0ª/«T¬VC , )R*0, 1 #����9�9�T©-ª4«V¬VC , )R*0, 2 #����9�-�V©-ª4«V¬VC(f
)R*9, 1 #�:��N�N�;©-ªc«;¬;C , )R*9, 2 #�:��N�N�;©-ªc«;¬;C&f&�;Ç;Scp-�(»V�4f ẋc1, ẏc1 e�f0ÁÑi��"i )+*-, 1 #/7
8V# x, y \V]A#� A�AÅ-K9�VÇ0S/p�!"TUAf ẋc2, ẏc2 e³)R*-, 2 #� N�AÅ-K9�VÇ0S/pEa+i=²�eAf$#-m;#$¢EÝÞU�±$ÈNS/p
)R*-, 1 #/798AH9I (xc1, yc1) PcÁA#c�&%�' :

xc1 = x+ l1 sin θ1 (12)

yc1 = l1 cos θ1 (13)

ẋc1 = ẋ+ l1 cos θ1θ̇1 (14)

ẏc1 = −l1 sin θ1θ̇1 (15)

)R*-, 2 #/798AH9I (xc2, yc2) PcÁA#c�&%�' :

xc2 = x+ 2l1 sin θ1 + l2 sin θ2 (16)

yc2 = 2l1 cos θ1 + l2 cos θ2 (17)

ẋc2 = ẋ+ 2l1 cos θ1θ̇1 + l2 cos θ2θ̇2 (18)

ẏc2 = −2l1 sin θ1θ̇1 − l2 sin θ2θ̇2 (19)

aji=²/O[� (11) U"¶9·E�4k)(�*;QTSTPRfA´9µ-#/��O[¹YS/p
T =

1

2
(M +m1 +m2)ẋ

2 +
1

2

(

(m1 + 4m2)l
2

1
+ J1

)

θ̇2

1
+ (m1 + 2m2)l1ẋθ̇1 cos θ1

+ m2l2ẋθ̇2 cos θ2 + 2m2l1l2θ̇1θ̇2 cos(θ1 − θ2) +
1

2
(m2l

2

2
+ J2)θ̇

2

2
(20)

2.2 +-,/.10�23�����3�-	-

)R*-,+º�4NL;U"�AiE�/ÙNÚ (θ1 = θ2 = π

2
) UAf�9®$*"¯0°Ñ«V©-ª/«;¬;C ( H9I0©-ªc«V¬;C ) V º 0 P Ô SVP6587$SVPRf

V = m1gl1 cos θ1 +m2g(2l1 cos θ1 + l2 cos θ2) (21)

���9�0¼9�VeAf�)+*-, 1 #"-®$*"¯0°Ñ«V©-ªc«V¬;C , ��:)�VeAf�)+*-, 2 #"9®$*"¯0°Ñ«V©-ª/«;¬;C4�VÇ0S/p
#No-�9±-�9� T , V O"f&� (8), � (9), � (10) U"¶9·E�"f&¨T#c�9�0\(�N�EOÑ���&Q$Scp

2.3 ; (8)

UA´-l(k
∂T

∂ẋ
= (M +m1 +m2)ẋ+ (m1 + 2m2)l1θ̇ cos θ1 +m2l2θ̇2 cos θ2 (22)

d

dt

(

∂T

∂ẋ

)

= (M +m1 +m2)ẍ+ (m1 + 2m2)l1(θ̈1 cos θ1 − θ̇2

1
sin θ1) +m2l2(θ̈2 cos θ2 − θ̇2

2
sin θ2) (23)

∂T

∂x
= 0 (24)

∂V

∂x
= 0 (25)

ajiá¢E<¸f9<A��O[¹YS/p
(M +m1 +m2)ẍ+ (m1 + 2m2)l1(θ̈1 cos θ1 − θ̇2

1
sin θ1) +m2l2(θ̈2 cos θ2 − θ̇2

2
sin θ2) = F (26)
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2.4 ; (9) �������

∂T

∂θ̇1

=
(

(m1 + 4m2)l
2

1
+ J1

)

θ̇1 + (m1 + 2m2)l1ẋ cos θ1 + 2m2l1l2θ̇2 cos(θ1 − θ2) (27)

d

dt

(

∂T

∂θ̇1

)

=
(

(m1 + 4m2)l
2

1
+ J1

)

θ̈1 + (m1 + 2m2)l1(ẍ cos θ1 − ẋθ̇1 sin θ1)

+ 2m2l1l2
(

θ̈2 cos(θ1 − θ2)− θ̇2(θ̇1 − θ̇2) sin(θ1 − θ2)
)

(28)

∂T

∂θ1

= −(m1 + 2m2)l1ẋθ̇1 sin θ1 − 2m2l1l2θ̇1θ̇2 sin(θ1 − θ2) (29)

∂V

∂θ1

= −m1gl1 sin θ1 − 2m2gl1 sin θ1 (30)

ajiá¢E<¸f9<A��O[¹YS/p
(

(m1 + 4m2)l
2

1
+ J1

)

θ̈1 + (m1 + 2m2)l1ẍ cos θ1 + 2m2l1l2
(

θ̈2 cos(θ1 − θ2) + θ̇2

2
sin(θ1 − θ2)

)

−(m1 + 2m2)gl1 sin θ1 = 0 (31)

2.5 ; (10) �������

∂T

∂θ̇2

= m2l2ẋ cos θ2 + 2m2l1l2θ̇1 cos(θ1 − θ2) + (m2l
2

2
+ J2)θ̇2 (32)

d

dt

(

∂T

∂θ̇2

)

= m2l2(ẍ cos θ2 − ẋθ̇2 sin θ2) + 2m2l1l2
(

θ̈1 cos(θ1 − θ2)− θ̇1(θ̇1 − θ̇2) sin(θ1 − θ2)
)

+ (m2l
2

2
+ J2)θ̈2 (33)

∂T

∂θ2

= −m2l2ẋθ̇2 sin θ2 + 2m2l1l2θ̇1θ̇2 sin(θ1 − θ2) (34)

∂V

∂θ2

= −m2gl2 sin θ2 (35)

ajiá¢E< <A��O[¹YS/p
m2l2ẍ cos θ2 + 2m2l1l2

(

θ̈1 cos(θ1 − θ2)− θ̇2

1
sin(θ1 − θ2)

)

+ (m2l
2

2
+ J2)θ̈2 −m2gl2 sin θ2 = 0 (36)

� (26), � (31), � (36) O-ÈVP���kNf(¨T#c�9�0\(�N�Nº�<T#$¢EÝÞU"¹á²Þi�S/p






M +m1 +m2 (m1 + 2m2)l1 cos θ1 m2l2 cos θ2

(m1 + 2m2)l1 cos θ1 (m1 + 4m2)l
2
1
+ J1 2m2l1l2 cos(θ1 − θ2)

m2l2 cos θ2 2m2l1l2 cos(θ1 − θ2) m2l
2

2
+ J2













ẍ

θ̈1

θ̈2







=







F + (m1 + 2m2)l1θ̇
2
1
sin θ1 +m2l2θ̇

2
2
sin θ2

(m1 + 2m2)gl1 sin θ1 − 2m2l1l2θ̇
2
2
sin(θ1 − θ2)

m2gl2 sin θ2 + 2m2l1l2θ̇
2

1
sin(θ1 − θ2)






(37)

2.6 ��	�
���������
(37) �$#��9�AÄN60\(�A�VUNeAf cos θ1, θ̇

2
1 � #(f�������� (θ1, θ̇ � UA´9l�k����-� Ô l�� ) º��GÈRi;k-Û_<¸fEa4#;ÈNÈ

�0eAf����-¨$# ��!N@�O�"�#Y�(�á<Îf�$�%�&$#�')($O+* Ý[a;P�e-, .;�VÇ;S/pVÁ;aÑ�-f"�0/ Ô�1�2 #$�-P+�-f (37) ��O
���9¾0Q$S/p
�N�N�N�9¨EO+�3�VQ$S&� § eAf"�N��O[�N��254�S9a;PRfNQ Ô X06/f&�N�$#/J9K;ÛE¢+ÜAJAÅ-KEO"f"LNM-7

θ1 = 0, θ2 = 0, θ̇1 = 0, θ̇2 = 0
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U����TäVS-a;P+�VÇ;S/p ���-º ÝRÈÊ£âl��[k-lTS�Ù9ÚVUNeNf"�9�Ve"L9M-7T#����0�(�9�;Q$S"e9� Ô #"�0f"L9M-7YÈ[XÍ<
� (37) ��O��&6 Ô
	 K9������/k9ÛNä��-f ���-�9B��A«_P/�/k��ÍÝÑa0PËº9���"ÁÊÝ �;Ç0Scp-Á0aÑ�9f θ1, θ2, θ̇1, θ̇2 ºAo� LNM-7����VU9Ç;SVP���!��4k9f (37) �EO+�������;QTSVP6<A��O[¹YS/p







M +m1 +m2 (m1 + 2m2)l1 m2l2

(m1 + 2m2)l1 (m1 + 4m2)l
2
1
+ J1 2m2l1l2

m2l2 2m2l1l2 m2l
2

2
+ J2













ẍ

θ̈1

θ̈2






=







F

(m1 + 2m2)gl1θ1

m2gl2θ2






(38)

aNaÑ�9f$#��-#c�E�9O���VUAQTS&�A�AUAf&oN��O<T#$¢EÝÞU��;QEa0P�UAQ$S/p
M0z̈ = A0z +B0F (39)

��»V�4f

M0 :=







M +m1 +m2 (m1 + 2m2)l1 m2l2

(m1 + 2m2)l1 (m1 + 4m2)l
2
1
+ J1 2m2l1l2

m2l2 2m2l1l2 m2l
2
2
+ J2






,

A0 :=







0 0 0

0 (m1 + 2m2)gl1 0

0 0 m2gl2






, B0 :=







1

0

0






, z :=







x

θ1

θ2






(40)

�;Ç;S/p
2 �-#/ÄN60\&�N� (38) O 1 �NU��9Q0#�e�f�*��T#
�! �"TO$#&% (2 ' ) UAQ$S/»9ä(�(��VU(�Y�[k9f

[

ż

z̈

]

=

[

0 I

M−1

0
A0 0

][

z

ż

]

+

[

0

M−1

0
B0

]

F (41)

P Ô S/p
#No-�-f&�N�N�A�$#c�9�0\(�N�Nº-¼)� �����9�AÄN60\(�N�$# �-�N±EÈ)�4�(p
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